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A modified version of the probabilistic model developed by the authorsfor damageevolution analysisoflaminates
subjected to random loading is utilized to predict long-term strength of laminates. The model assumes that each
ply in a laminate consists of a large number of mesovolumes. Probabilistic variation functions for mesovolumes
stiffnesses as well as strengths are used in the analysis. Stochastic strains are calculated using the lamination
theory and random function theory. Deterioration of ply stiffnesses is calculated on the basis of the probabilities of
mesovolumes failures using the theory of excursions of random process beyond the limits. Long-term strength and
damage accumulation in a Kevlar®/epoxy laminate under tension and complex in-plane loading are investigated.
Effects of the mean level and stochastic deviation of loading on damage evolution and time to failure are discussed.
It is found that the effect of the deviation in loading is more pronounced at lower mean loading levels. Long-term
cumulative damage at the time of the final failure at low loading levels is higher than at high loading levels. The
analytical results are qualitatively compared with the available experimental observations.

Introduction

EHAVIOR of composites under long-term loading is of prac-

tical importance inasmuch as many composite structural el-
ements are subjected to static loads. A number of empirical and
semiempirical models describing creep rupture of composite lami-
nates were developed in Refs. 1-4. The Ref. 4 model, for example,
combines lamination theory and micromechanics with phenomeno-
logical equations for long-term strength of constituents and inter-
faces. However, these equations contain coefficients, which are not
easy to obtain in experiments. Besides, these models do not take into
account continuous nature of failure in composites. It is well known
that the failure process in composite materials is a continuous pro-
cessof initiation,accumulation,and evolutionof damage at different
structural levels. The progressive damage development is due to a
number of random factors, such as random material properties of
constituents, random composite microstructure, and random load-
ing. Progressive damage development in composites under fatigue
loading was observed by many researchers.’~’ Continuousdevelop-
ment of damage in composites under long-term static loading was
reported, for example, in Ref. 8. These and other observations sug-
gest that prediction of long-term behavior of laminates should be
based on a damage mechanics approach.

Recently, Allen etal.*~'2and Reifsnideret al.'*~!> developed con-
tinuum damage mechanics models for laminated composites. These
models introduced damage parameters that are internal state vari-
ables. Effects of accumulated damage on elastic and viscoelastic
behavior of laminates were studied. Damage evolution laws were
derived based on thermomechanics’~!? and kinetics'*~!° consid-
erations. These models adequately describe damage evolution in
laminates under quasistatic and fatigue loads.

Another approach for damage analysis of laminates based on
stochastic mechanics was developed in Refs. 16-19. This model
explicitly accounts for stochastic factors and describes continuous
damageevolutionin laminates from nucleationto failure. The model
is based on division of each layer into a statistically large number
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of mesovolumes. Concentration of broken mesovolumes in plies is
calculated as a probability of ply random strains to exceed the lim-
iting failure strains. These concentrations are utilized in ply stiff-
ness reduction. The model was applied to study laminate behavior
under quasistatic loadings. Analytical predictions of the effect of
the loading rate on damage evolution and deformation history are
found to be in agreement with experimental data.'® In this paper,
the approach!®~!? is extended and modified to describe the damage
evolution in laminates subjected to stationary long-term loading.

Problem Formulation

Consider a symmetric laminate consisting of unidirectionallyre-
inforced plies with initial random elastic material properties

- -
Gy, i
Here the tilde denotes random characteristics, and index k denotes
ply number. We assume the normal distribution of laminas char-

acteristics; therefore, we describe them by means of mathematical
expectations
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Laminate layup is described by ply orientationangles of. Loads ap-
plied to such a system results in a random stress—strain field in the
laminas. Even under a very small applied loading, a nonzero prob-
ability of ply failure exists and damage starts to accumulate. Accu-
mulation of damage causes reductionin laminas’ material properties
and stress redistribution between plies.

Assume that the stresses applied G (1) = [611(¢), G (1), Ti2(1)]
are independent stationary Gaussian processes of time. It means
that these processes can be described by mathematical expectations
o and correlation functions K (#1, ) = Kg(t — 1) = K5 (9.
The derivatives of stresses will also be stationary processes with
zero mathematical expectations and correlation functions defined
as follows:

d2
K5(9) = —@Kcs(b) ()

Application of these stresses to a laminate creates random defor-

mation and stress functions in plies €°(¢) and &*(¢), respectively.
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We have to assess the probability of random strain functions £ (¢)
in each ply to exceed the limiting bounds & and &, where the
positive & (in tension) and negative g (in compression) strengths
are random in general. This probability can be calculated as

k() = l_exp( _] [vff'(r)d‘c) (2)
0

where v¥() is the mathematical expectation of a number of ex-
cursions of & (¢) beyond the interval [&F, 5] per unit time.'s
Assuming statistical independenceof crossing the negativeand pos-
itive bounds, v¥(¢) can be calculated as a sum of mathematical ex-
pectations of these events,

V(1) = vi_ (D) + v (D) (3)

The mathematical expectation of the number of excursions be-
yond the negative and positive limits can be calculated'® as
1 D,

o , [&() — 5T
vi ()= 274| Dg + Dy * (_2(D5i + DSI/))

& (1) 7= & (1)
o 2E) - 3o 52|

Vi (1) = L D, [&() _ &) )

274| Dy, + Dy (_2(1)5, + D)
a0\ [27- [ () ]
X{exp(_zug, ) + D; &(1) I_QJ(— 7_Db,)
v
DU) = %1_ e~y = %

where
1+ erl( i_) ]
0 2

T

is a Laplace fun%on; the ply index k is dropped fo}/simplicity.
To use the formulas (4) we_need to have the following information
aboutthe ply strains: €(¢), & (1), D, and D . Note that the simple
relationship (2) between the probability of event and mathemati-
cal expectation of the number of events assumes the Poisson type
process of event formations with time. This can be valid for rare
independentevents. In our case, the use of the formula is justified if
the average time spacing between the occurrence of events is larger
than the autocorrelationtime for the loading process.

The mathematical expectations and dispersions of laminate de-
formations and deformation derivatives can be calculated using the
properties of random function operators,

=

"o“f(t):éo+<5j] S,(0dr B = 8,005
0

D;, = S2(1)Ko,(0) + G2 Dy, (5)

Dy = S3(1) Ky (0) + $3(1) Koy (0)

One needs to relate the failure probability [ Eq. (2)] to damages of
differenttypes and their effect on the current mechanical properties
of the composite. Assume that there are three types of damages re-
lated to three in-plane deformations in each ply & = [&,, &,, 5]
Failure type due to &, exceedingthe criticalbound can be associated
with fiber breakage, and those due to &, and ¥ can be associated
with matrix cracking in transverse to fiber direction and in shear,
respectively.

Assume that each ply consists of a large number of mesovolumes
containing a sufficient amount of reinforcing fibers to satisfy the
condition of stochastichomogeneity. Initial material properties dis-
tributions of a ply are consideredto be equal to the respective meso-
volumes characteristics. Assume that each of the mesovolumes can
be either perfect or broken in any of three ways, namely, in fiber

direction, in transverse direction, and in shear. Therefore, we can
suppose that at the current state of loading, the relative numbers
of broken mesovolumes in plies for each type of failure are propor-
tionalto probabilitiesof failurer . In the limiting case of the infinite
number of mesovolumes in ply, the proportionality becomes equal-
ity. Thus, we can interpretthe numbers rf = [rf;, r5,, rf,] as relative
counts of broken mesoelements of three types in each ply.

Accumulation of damages in composite laminas causes stiffness
reduction of laminate and stress redistribution around the microc-
racks and between the plies. This process is very complicated, and
modeling damage accumulation using microlevel consideration is,
in general, not amenable to analytical studies.

Itisassumedthat mesoelementfailurein a certaindirectioncauses
deterioration of properties in the same direction. Failure of the r*
fraction of all mesoelements in ith direction of kth ply will result
in reduction of ply elastic modulus in this direction. It is proposed
that mathematical mean values of ply elastic moduli decrease with
damage accumulation as follows:

Ei(n= Ef[1_ri(D]  Ei(v)= E5[1 —rk(D)]

6
(_;Ifz(f): (_;Ifzg[l _er(T)] _‘}fz(f):_‘}fzg[l _rﬁ(‘r)] ©
but that relative standard deviations remain constant:
\/bEf’(r) \/bE{’O \/bEé’(r) \/bEé’O
B B, Eiv B,
(7
5T AP P APn
(_;Ifz(f) B (_;Ifzg vh(n) T’{{20

According to this hypothesis, damage accumulation in the ply
during laminate loading evokes the shift of ply moduli distributions
toward the zero direction and narrows these distributions propor-
tionally to stiffness decrease. This simple approach does not take
into consideration micromechanical phenomena such as stress re-
distribution around the single cracks or cracks interaction, but does
take into account gradual stiffness reduction due to damage accu-
mulation in plies and stress redistribution between them.

Algorithmic Development

A computer code for laminate analysis under quasistatic loading
is modified to investigate the laminate behavior under stationary
loading. Initial laminate deformations g, and damage functions af-
ter the load applicationare calculated using a deterministic loading
approach.'® The time is increased incrementally in the program,
and the deformation integral (5) is integrated numerically. At each
time step, the damage functions r*(¢), the current composite com-
pliances, and the compliance derivatives from the previous step are
used to calculatethe laminate deformations. It is assumed that com-
plete failure of a laminate occurs when any of the current effective
elastic moduli, E|(¢), E(t), or G,(t), becomes equal to zero. The
calculated information for each time step is appended to the data
file, including the information on laminate and laminas strains, the
damage content 7*(¢) in plies, the average content of damages of
different type in the laminate

(0 = 2=
n

the cumulative damage content

re(1) = E—:Iri(t)

3

and the current laminate elastic moduli ]_:‘l(t), ]_52(t), (_;12(t)4 The
program is written in Mathematica language.

Analysis and Results

Anumericalstudy ofthe effectsof the loadingleveland dispersion
on damage evolution in Kevlar®epoxy [0/ 430/90]; laminate is
performed. Experimentalstatistical data for Kevlar/epoxy unidirec-
tional composite presented in Ref. 18 are used for the mesovolume
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material properties definition (see discussion on mesovolume prop-
erties in Refs. 16 and 17).

The cases of tension G(1) = {6( 7,0, O} and complex in-plane
loading g (t) = fo(t), o(t), o(t)1 of a laminate are analyzed. The
mathematical ex}iectation?jof the'loading function is constant, and
the correlation function of process is

Ko(d) = q;exp(_SZ/‘qf) (8)

where 0; = D, = K,(0) is dispersion of the process and 7 is
autocorrelationtime of random fluctuations of loading. The deriva-
tive O(¢), consequently, will have zero mathematical expectation
and dispersion Dy = K(0) = 20;/ 72. The load levels are varied
within an interval 0.2-0.6 of the deterministic strength of material
o7 calculated by Ref. 16. The following values of standard deviation
of loading process @, are covered in the numericalstudy: 0.1, 1, 5,
and 10 MPa. The correlationtime was constant throughoutcalcula-
tions. Dimensionless time (time to correlation time ratio) was used
in data analysis. In all cases, the time step in numerical integration
was chosen to be 2 of time to failure.

Tension

Figure 1 shows the deformation behavior of [0/ 430/ 90], lami-
nate under uniaxial tension at loading level o= 0.507 with loading
deviationg; = 1 MPa. A variationof damage functionsr} inthe plies
is shown in Fig. 2. Variation of average damage functionsr; and cu-
mulative damage functionr, for the same loading case is shown in
Figs. 3 and 4. In these, and in several of the following figures, con-
tinuous lines, dashed lines, and dash—dot lines correspondto 11, 22,
and 12 componentsofthe variables,respectively. The analysisshows
that laminate failure begins with 90-deg ply failure in the transverse
direction during initial load application. Then, from the very begin-
ning of the test, shear failures start to accumulate in all plies (Fig. 2).
The rate of shear damage accumulation is higher for 4 30-deg plies.
At some point during loading, fibers break due to compression in
90 ply (Fig. 2¢), which causes fast transverse damage development
in 430 plies and fiber damage in 0 ply (Figs. 2a and 2b) and leads
to a final failure of the laminate. Laminate strains increase slowly
up to 95% of time to failure and, subsequently, undergo a very fast
increase before the final failure (Fig. 1). Average longitudinal (fiber
and transverse matrix) damages remain practically unchanged up
to 80% of all possible shear damage accumulation (Fig. 3). In the
tensile loading case, the dominating failure accumulation mecha-
nism is shear, but the final composite failure is governed by the fiber
breakage in 90- and 0-deg plies (Figs. 3 and 4).

Complex Loading

Figure 5 shows deformation behavior of [0/ 430/90], laminate
under complex in-plane loading at a loading level o = 0.507 with
loading deviation @; = 5 MPa. Variation of damage functionsr} in
the plies is shown in Fig. 6. Note that due to the shear component of
the applied loading, the deformationsand, consequently,the damage
functions for 30- and __30-deg plies are different (Figs. 6b and 6c¢).
Variation of average damage functions r; and cumulative damage
function r. for this loading case is shown in Figs. 7 and 8. It is ob-
served (Fig. 6) that matrix transverse failure occurs in 0 and _30
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Fig.1 Deformation of [0/ 30/90]; laminate under uniaxial tension.
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Fig.2 Damage formation in plies of [0/-30/90]; laminate under uni-
axial tension. -
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Fig.3 Average damage formation in [0/.30/90]; laminate under uni-
axial tension. -

plies during the initial load application. As in the previous loading
case, shear damage starts to develop in all plies from the beginning
of the test. The rate of shear damage accumulation is higher for
the 0- and 90-deg plies and is very low for the __30-deg ply. The
first fiber breakage occurs at about 70% of the time to failure in
the _30-deg ply (Fig. 6¢c) and is followed by an accelerated shear
damage development in the other plies. A final laminate failure oc-
curs when the fibers start to break in the 30- and 0-deg plies. Unlike
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the tensile loading case, laminate strains start to change rapidly af-
ter about 75% of the time to failure (Fig. 5). The dominating failure
in the accumulation mechanism is again shear (Fig. 7), but a small
amount of fiber failure is observed under complex loading as early
as at about the 50% of the time to failure. The final failure de-
velopment for this loading case is more gradual and over a larger
relative time interval (Fig. 8). Calculations without accounting for
initial damage showed that for the complex loading, initial damage
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Fig.4 Total damageformationin[0/.30/90]; laminate under uniaxial
tension. -
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Fig.5 Deformation of [0/ .30/90]; laminate under complex loading.
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is important and, if not accounted for in the calculations, may lead
to an overestimation of the time to failure up to 25%. Dominat-
ing gradual shear failure at early loading stages for both loading
cases is due to the high shear failure strain scatter for Kevlar/epoxy
unidirectional composite (31% according to experimental data). It
causes an existence of a nonzero failure probability long before
the average shear deformation in plies reaches an average failure
strain.
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Fig.7 Average damageformation[0/30/90]; laminateunder complex
loading. -
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Fig. 8 Total damage formation [0/30/90]; laminate under complex
loading. -

Damage Functions

o) _
-"
’
0.8 .
té 0.6 !
& !
© ’
50 0.4 .-
g 0.2 P
R
-
-
-
20 40 60 80 100 120
d) 90 Time (l/‘to )

Fig.6 Damage formation in plies of [0/ 30/90]; laminate under complex loading.
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Effect of Loading Level

Total damage accumulation under uniaxial tension is shown in
Fig. 9 for the four differentloading levels: o= 0.3, 0.4, and 0.5 and
0.607. Average damage functions for these loading cases are shown
inFig. 10.Itis seenthatdamage accumulationoccurs over the longer
time period at low-load levels. The cumulative damage content at
the final failure is progressively increased from 0.56 to 0.93 with
the decrease in the loading level from 0.6 to 0.3 (Fig. 9). It is due
to a higher fiber and shear damage contents at the final failure for
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Fig.9 Total damageformationin[0/4.30/90]; laminate under uniaxial
tension at various loading levels, 0y, =1 MPa.
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Fig.10 Average damageformationin [0/4.30/90]s laminate under uni-
axial tension. -
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Fig. 11 Total damage formation in [0/30/90]s laminate under com-
plex loading at various loading levels, 0, = 5 MPa.

the low loads (Figs. 10a and 10c). Note that higher ultimate damage
content under lower long-term loads was experimentally observed
inRefs. 5, 20, and 21. Higher damage content before the final sharp
increase in the damage for the lower loads (Fig. 9) is due to the sig-
nificant shear damage accumulation during the first time increment
of the loading, which is not shown in Fig. 9. Approximately 50 time
increments to final failure are used in the numerical calculations,
and the curves are plotted on a logarithmic time scale. The time to
failure increases considerably with the decrease in the loading level.
Substantialtransverse matrix damage, seen in Fig. 10b,occursin the
90-deg ply during the initial load application. At low loading levels,
complete shear damage is developed in the composite during the
first time step (Fig. 10c). The fiber damage accumulation in all of
the plies is insignificant until just before the final failure (Fig. 10a).
Thus, the final failure in all cases is governed by the onset of fiber
damage.

Total damage accumulation under complex loading is shown in
Fig. 11 for four loading levels. Note that the deviation of loading is
higher. Qualitatively similar behavior is observed as evident from
the comparisonof Figs. 9 and 1 1. The cumulativedamage contentat
final failure increases from 0.52 to 0.75 with the decrease in loading
from0.6to 0.307. Inthis case, also, shear damage tends to developat
the beginning of the loading process as the loading level decreases.
It reveals as an apparent higher initial damage content for lower
loading levels (Fig. 11).

For both tensile and complex loading, a further decrease of av-
erage applied loading leads to the development of computational
instability. At low loadings and small loading deviations, the very
large exponentsin Egs. (2) and (4) produce unreliable numerical re-
sults. The lower load limits for this method, evaluated by numerical
analysis,are foundto be 20-25% of the deterministicstrength of the
laminates. The current theory is not applicable for lower loadings.
Note, however, that long-term loads of practical interest are usually
higher than 25% of the static strength of materials.

Effect of Loading Deviation

The variations of the time to failure with the average loading level
under tension and complex loading are shown in Figs. 12a and 12b,
respectively, for the four different values of the loading deviation.
It is seen that the increase of loading scatter decreases the time
to failure. This effect is more pronounced for the low loadings. For
example, the increaseof scatterfrom0.1to 10 MPa causesa decrease
of the time to failure under the complex loading level 0.6 o7 of about
two orders of magnitude. However, at the loading level 0.3 o7 the
same increase in scatter produces a decrease of the time to failure
of seven orders of magnitude. When loaded in tension, the time
to failure on a logarithmic scale varies gradually with the loading
level, whereas under the complex loading there is a distinguishable
kink at oabout 0.4 of deterministic strength o7. Similar kinks were
experimentally observed on fatigue curves of composite laminates,
for example, in Ref. 22. The mechanisms of this behavior were not
discussed. The analysisof deterministicdamage evolutionunder the
complex loading shows that the matrix transverse damage develops
at this load in the 0-deg ply. Thus, damage development during
initial load application under quasistationary loading, or damage
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Fig.12 Variation of time to failure with average loading levels, where
numbers indicate deviation of loading in megapascal.

development during the first loading cycle under fatigue, may be
responsible for the change of slope of the stress-life curves.

Effect of Laminate Creep Due to Damage: Comparison with
Stationary Limit

The preceding analysis is performed using the full quasistation-
ary problem formulation, Eqs. (2-5). Accordingto this formulation,
the mean strains in the laminate and plies change because of a grad-
ual stiffness degradation due to damage, even though the applied
mean loading is constant in time. The problem can be substantially
simplified by neglecting nonstationary effects. Assuming that the
processesof changing the composite compliancesare slow and their
derivatives may be neglected, formulas (4) and (5) can be reduced
to

1 D;, [ & _7)°
Vi =— |/ &Xp| ——————————
27| Dg, + Dg;/ 2( D, + Dg!,)
©9)
1 D;, [ (& _3)°
Vipg = — |—————€Xp| ———————————
277| Dg, + Dy 2Dg, + Dg,)
5=7%, 5=0
(10)

D;, = S} () K (0) + G, Dy, Dy, = S;,(1) Ki5 (0)
Formulations (9) and (10) represent a stationary limit for this
problem. The variations of the time to failure in the two cases of
tensile and complex loading, which were calculated using this sta-
tionary formulation, are compared with the results obtained by uti-
lizing Egs. (4) and (5) in Fig. 13. It is observed that neglecting
the damage-induced changes in laminate compliances and, conse-
quently, neglecting the changes in laminate and ply strains leads
to a considerable overestimation of the time to failure. This ef-
fect is more pronounced at lower loads. The difference increases
more rapidly with the decrease of mean loading level in the case
of complex loading (Fig. 13b). Thus, the simplified formulation
[Egs. (9) and (10)] may lead to a significant overestimation of the
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a) Tension, 0y =1 MPa

Average Loading (8/0')

2 4 6 8
Log Time to Failure

b) Complex loading, 0y =5 MPa

Fig. 13 Variation of time to failure with average loading level, where
black is full formulation [Eqs. (4) and (5)] and gray is simplified formu-
lation [Egs. (9) and (10)].

laminate life. It is interesting to note that the stationary formulation
predicts the same shapes of the stress-life curves as the full formu-
lation (the smooth curve in tension and the kinked one in complex
loading).

Damage Content at Failure: Comparison
with Experimental Observations

Experimental observation of the variation of damage content at
failure in composites under long-term fatigue loading was per-
formed in Ref. 20. An ultimate crack density in a quasi-isotropic
[0/90/ 445], graphitelepoxy laminate was evaluated by counting
the total number of cracks at failure. Experimental results for six
loading amplitudes and their empirical approximatior?® are shown
in Fig. 14a. The stochastic material property data are not available
for the material used in the experimental investigation. A quali-
tative comparison of these experimental observations with model
predictions was performed using available properties of a Fiberite®
T300 graphite/76 epoxy composite. The following mean stiffness
and strength data were used in calculations: E; = 133 GPa, E, =
9.3 GPa, G|, = 5.4 GPa, i, = 0.34, g = 0.011, gy = _0.0033,
& = 0.0064, & = _0.013,and y}, = y{é(l]: 0.048. The stochas-
tic variance of the stiffnessdata was assumed to be 5%. The variance
of the strength data was 8%. The analysis was performed using the
stochastic model described earlier modified for a fatigue loading 23
The damage accumulation in a [0/ 90/ 445], laminate under long-
term cyclictension was studied in the maximum stress interval from
310 to 490 MPa, that is, approximately 0.4-0.6 of the determinis-
tic strength of this material as calculated by Ref. 16. The loading
deviation was 5 MPa. Predicted ultimate cumulative damage at fail-
ure is shown in Fig. 14b. The qualitative comparison between the
theoretical and experimental results is quite good. The model cor-
rectly predicts the increase in the ultimate damage content with the
load decrease, as well as the saturation of this trend for lower loads.
Although this is a very limited comparison, the results are very
encouraging. An agreement between the experimental and theoret-
ical data assures that final failure in composites under long-term
loading develops as a result of damage evolution.
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Fig. 14 Comparison of ultimate damage content at fatigue failure be-
tween the experimental observations and the modified theoretical model
for a graphite/epoxy [0/ 45/90]; laminate.

Conclusions

A probabilisticmodel utilizing random material characteristicsto
predict damage evolution in laminated composites under long-term
loadinghas been presented. A numericalalgorithm for damageaccu-
mulationand deformationhistory predictionsfor laminates has been
developed. Behavior of a Kevlar/epoxy laminate subjected to ten-
sion and complex in-plane loading was presented as an illustrative
example. The effects of the mean loading level and the deviation
on the damage accumulation and time to failure were discussed.
Two phenomena, the characteristickinks on the stress-life curves of
some laminates and the higher cumulative damage content at fail-
ure for lower load levels, were captured by the developed model for
the first time theoretically. The analytical predictions qualitatively
corroborate with the available experimental data.
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